Mutual gravitational scattering between planetesimals is the elementary process which leads to the relaxation of their random motion. In most of studies made so far, the relaxation time and the magnitude of random velocity have been estimated by the two-body approximation in free space with neglect of the solar gravity. However, we will first show that we cannot neglect the solar gravity in those evaluations. Next we will review previous work in two alternative approaches by kinetic equations and by N-body numerical simulation, and also review a preliminary study of relaxation time of Keplerian particles without any two-body approximation. § 1. Introduction
It is widely recognized that random velocities of a swarm of planetesimals, which are ones observed from a system with coplanar and circular Keplerian motion, greatly affect accumulation process of planetesimals to the planets from the following points. First, the growth time of the planets is essentially governed by the random velocities of planetesimals. As shown by Ida and N akazawa (1988) , collision probability between a protoplanet and a planetesimal depends on the relative velocity of the two colliding bodies determined from their random velocity (see Chapter 18). In some cases the runaway growth occurs and in other cases it does not, depending on the magnitude of the mean relative velocity of planetesimals. Second, planetesimals migrate radially toward and against the protosun (Ohtsuki et al., 1988a ; see also Chapter 20) owing to mutual gravitational scattering and gas drag. This migration rate is determined by the magnitude of random velocity. Through the migration, planetesimals are supplied efficiently to a protoplanet. In this sense, the random velocities also govern the growth rate of the planets.
In spite of its importance, we are now far from exact estimate of random velocities for Keplerian particles. In the pioneer studies of planetary growth (e.g., Safronov, 1969; Hayashi et al., 1977) , the mean random velocity is simply determined by equating typical time scales of gravitational scatterings and collisional damping or damping due to gas drag. In order to estimate the time scale of gravitational scattering they used expression of dynamical relaxation time of stellar system given by Chandrasekhar (1942) . In his formulation, Chandrasekhar considered a large number of field particles with a Maxwellian-type velocity distribution and the test particle injected into them. Let LlE be the change of kinetic energy of the test particle due to gravitational interaction with a field particle. The total change of (L1E) 2 due to successive encounters in a period of Llt is estimated as a sum of change resulting from individual encounter, which is described by the well-known Rutherford scattering formula. Then, the relaxation time TE is given by E 2 Llt/ (L1E) 2 where E is the initial kinetic energy of the test particle:
where v is the initial velocity of the injected particle, mf is a mass of the field particles, and N denotes their number density per unit volume. Further, C is a numerical factor (C=0.2), expressed by the error function. Furthermore A is given by (16·1·2)
where mt is a mass of the test particle and D is a cutoff length introduced for avoidance of logalithmic divergence which appears in integration with respect to impact parameter. Note that the effect of distant encounters with small scattering angles mainly contributes to TE given by Eq. (16·1·1).
Chandrasekhar's relaxation time (16 ·1·1) is, however, inadequate to our present problem. In estimation of TE it was assumed that no external fields existed. But planetesimals move under the solar gravity. That is, planetesimals revolve appreciably around the protosun while they are interacting effectively. This can be seen readily from the following consideration. Let us consider a period Llt during which a planetesimal with random velocity evK travels an average separation distance of planetesimals d. Where e is the eccentricity of the planetesimal and VK is the Keplerian velocity. According to Hayashi's model of the solar nebula (Hayashi et al., 1985) , d is given by _ (20)( a )-11s( io )1/3 
where a is the heliocentric distance, ha is the Hill radius defined by ha=(m/3M"') 113 a (m being the planetesimal mass; see Chapter 15), and io is the mean inclination of a swarm of planetesimals at the heliocentric distance a. For example, taking a=1 AU and io= 1 X 10-4 , we have for Llt = d/evK (16·1·4) where TK is the Keplerian period and e = e/h (see Chapter 15). According to previous works, e = 1 to 10; Llt is not so smaller as the Keplerian period. That is, two planetesimals revolve appreciably around the protosun during their encounter. This shows that we must consider an encounter between planetesimals including their revolution around the protosun, in other words, including the gravity effect of the protosun.
In the recent decade, improvements have been made by many authors in order to know the random velocities more accurately. These are divided into three categories. The first of them aims at statistical description using the kinetic equation (i.e., the Fokker-Planck equation or the Boltzmann equation) which will be described in § 2. The second is investigation of gravitational scattering between two planetesimals under the solar gravity as an elementary process. This process has been studied both analytically and numerically, as will be shown in § 3. The third approach for this purpose is to pursue numerically kinetic behavior of planetesimals around the protosun as an N-body problem. N-body approach must be made not only to investigate late stage accumulation to the planets but also to find the collective behavior of planetesimals in the early stage of accumulation. This approach will be given in § 4. At present, their studies are still in primitive stage. Final goal will certainly be accomplished by some combination of the studies of the above-mentioned three categories. § 2. Approach by the kinetic equation
The kinetic behavior of a swarm of planetesimals can be a very interesting subject in the statistical mechanics. This problem is similar to the stellar dynamics; in both cases the basic process leading to relaxation is gravitational scattering. However, a particular aspect of a swarm of planetesimals is that they are in Keplerian motion under the solar gravity. Hence, in order to clarify their statistical behavior, first we need to study gravitational scattering under the solar gravity as an elemeny Fig. 1 . Examples of particle orbits with various impact parameters. The dashed circle at the center represents the Hill sphere of a planet (after Nishida (1983) ).
tary process. Unfortunately, there exists no general analytic solution of such scattering problem even in the framework of the restricted three-body problem. This fact makes it very difficult to study scatterings between planetesimals. In many studies with kinetic equations, the two-body approximation has been adopted in evaluations of the collision terms with neglect of effects of the solar gravity although it has not yet been confirmed to what extent the two-body approximation is good. Nishida (1983) has illustrated scattered orbits with various impact parameters obtained numerically in the restricted three-body problem (Fig. 1 ). Those orbits are quite different from ones given by the Rutherford formula. This suggests that two-body approxima-tion will not be good for scatterings under the solar gravity. Safronov did not try statistical study of random motions of planetesimals with kinetic theory in his famous book (1969) . In the late 1970's, statistical studies began to be developed. Nakagawa (1978) obtained the distribution function of planetesimals in the phase space by solving the Fokker-Planck equation analytically. He first considered the equations of motion of planetesimals,
where v is the velocity of a planetesimal, m the mass, rp the radius, r the heliocentric position vector, pg the density of nebular gas, Vg the gas velocity, and CD the dimensionless drag coefficient on the order of unity. The first term on the right-hand side of Eq. (16·2·1) represents the gas drag force, the second term the solar gravity, and the third term, F, the mutual gravity of planetesimals. He supposed that the mutual gravity F fluctuated rapidly owing to the random motions of planetesimals, and regarded Eq. 
where t(F) is the correlation time of mutual gravity F, and the brackets mean the average with respect to the stochastic force F. Nakagawa adopted the Holtsmark distribution W(F) for F (Holtsmark, 1919; Chandrasekhar, 1943) and the mean life time of the stochastic force F derived by the Chandrasekhar and von Neumann (1942) for the correlation time t(F); hence 1978) did not take into account collisional damping of random motion, supposing that the gas drag was more effective in the solar nebula. In a gas-free environment, however, direct collisions are the most dominant damping process. Kaula (1979) examined the equilibrium velocities of planetesimals in a gas-free environment in more detail than Safronov (1969) . In order to get such velocities, he equated the excitation rate of random motion due to gravitational scatterings to the damping rate due to collisions with no use of kinetic equations as did Safronov (1969) . Kaula defined the excitation rate by inverse of Chandrsekhar's relaxation time in which the mass spectrum of planetesimals was taken into account, and the damping rate by inverse of the time in which collisions would lose energy equal to the random kinetic energy. He obtained both rates more carefully than Safronov and found that the equilibrium velocities were comparable to the escape velocity of the largest body; his results are in agreement with those of Safronov (1969) .
The Boltzmann equation allows us to investigate random motions of planetesimals most generally. The energy equations for random motion are derived from the second-order velocity moment of the Boltzmann equation. Stewart and Kaula (1980) attempted to formulate a kinetic theory for planetesimals along this line, but their formulation was needlessly complicated by a poor choice of perturbation expansion as pointed out by Stewart and Wetherill (1988) . Hornung et al. (1985) derived much simpler energy equations for random motion, i.e., the equations for the pressure tensor Pij( = nm(u;uj>, where the brackets denote the average with respect to the velocity distribution) in the cylindrical coordinate (r, 8, z) , defining the random velocity u as u=v-vx where vx= (O, (GM.,/r) 112 , 0) . In this definition, we have <ur 2 ) =4<uo 2 ) and hence Prr=4Poo. Then we obtain from the second-order moments of the (16·2·12) where /3 is the ratio of the vertical velocity dispersion to the radial one and is to be determined in the theory self-consistently. They modeled the inelastic collisions with the restitution coefficients and treated the gravitational scatterings with the two-body formula in free space in the evaluation of collision terms.
Recently Stewart and Wetherill (1988) 
where the first term on the right-hand side can also be expressed by the collision terms with the aid of Eq. (16·2·11). Stewart and Wetherill divided these two terms on the right-hand side of Eq. (16·2·13) further into two terms, respectively: the first term (3/2)!2xP~e into term Agrav due to gravitational scatterings and term Bcon due to inelastic collisions, and the second term into Ccon and Dgrav. That is, These four terms are given by Agrav Bcou= ;-; ( /3-~~) 'r:z:
where
and A is here defined in terms of the maximum and minimum deflection angles of the relative velocity, 1flmax and 1flmm, as
Further, Ru is defined with the radii of two colliding planetesimals Ra and Rb as (16·2·20) which is the two-body gravitational collision cross section in free space. Stewart and Wetherill have given the following physical interpretation to these four terms: The first term, Agrav, describes the rate at which the solar gravitational energy is altered to the random kinetic energy through mutual gravitational scatterings; they referred to Agrav as "viscous stirring" term resulting from gravitational scatterings. The second term, Bcou, also describes "viscous stirring" caused by inelastic collisions. The third term, Ccou, represents usual collisional damping. The fourth term, D8rav, describes the rate of energy exchange caused by mutual gravitational scatterings. This term and also similar term in Agrav have an obvious tendency to lead to energy equipartition. This tendency is due to "dynamical friction" resulting from gravitational scatterings. They emphasized that "dynamical friction" terms had not been obtained by earlier simple considerations based on Chandrasekhar's relaxation time only and have a striking effect to decelerate random motions of larger planetesimals. Such effect will be helpful to planetary growth because the gravitational collision rate increases with decreasing velocity. In fact, Wetherill and Stewart (1988) showed that runaway growth occurred at the early stage of accumulation owing to this effect by numerical simulation solving simultaneous evolutions of mass spectrum and random velocities according to collisional growth and Eq. (16 · 2 ·14) extended in the case of multi-mass population.
In the above, we have reviewed recent studies of random motions of planetesimals using kinetic theories. In those studies, the evaluations of the diffusion coefficients in the phase space or the collision terms in the Boltzmann equation were made by the two-body approximation with neglect of the solar gravity. Hence those are all preliminary; now we should improve those evaluations to include the effect of the solar gravity. § 3. Gravitational scattering between two planetesimals As mentioned in § 1, we cannot neglect the effect of gravity of the protosun in studying gravitational scattering between planetesimals. At least we must treat it as a three-body problem. Until now, however, there is no work in which the gravitational scattering between planetesimals is investigated extensively based on the three-body problem. Nishida (1983) tried to find outcomes of gravitational encounters of planetesimals in the framework of the restricted three-body problem. But his study was limited to the case of co-planar problem with a particular set of initial conditions of orbits. On the other hand, many efforts were made on a similar problem for understanding of the structure of planetary rings (e.g., Petit and Henon, 1986, 1987; Spahn, 1987) and the orbital property of satellites (e.g., Dermott and Murray, 1981; Yoder et al., 1983) . In these works the gravitational encounter was also investigated as the co-planar problem. Therefore, their results are not directly applicable to our problem in which we are interested in three dimensional features of the gravitational scatterings.
Recently, Hasegawa and N akazawa (1988a) have tried to find "scattering matrix" of the gravitational scattering between planetesimals in the frawework of Hill's equations which are very useful to our problem, as mentioned in Chapter 15. A complete set of the scattering matrix would give fundamental information on description of statistical behavior of a swarm of planetesimals, such as the relaxation time of the system and diffusion coefficients in velocity space. In this section, we will review in brief their study and roughly estimate the relaxation time of a swarm of planetesimals, by which Eq. (16·1·1) should be replaced.
Scattering matrix of encounter between two planetesimals
Suppose that two planetesimals revolve around the protosun. While the two planetesimals are very distant each other, they move along their own Keplerian orbits given by Eq. (15 · 5 · 4) (hereafter called initial orbits). If they did not interact mutually, they would continue to move along these orbits during encounter. In this sense, we will label these Keplerian orbits as "unperturbed" orbits (see Fig. 2 ). In real cases, owing to their mutual interaction, their orbits deviate gradually from the unperturbed orbits as they approach and, occasionally, change drastically from the initial orbits at encounter. When they are sufficiently apart from each other after the encounter, their orbits become again Keplerian with different orbital elements from the initial ones (called final orbits). In such an encounter, we are primarily interested in the differences in orbital elements between before and after the encounter, i.e., the scattering matrix of the gravitational encounter between two Keplerian bodies. Now we will adopt Hill's approximation in our present problem, which is very advantageous to us as explained in Chapter 15. In Hill's approximation, we can The impact parameter b is the distance between the dashed line and y-axis. The particle's motion is an epicyclic motion of which amplitudes are 2e in x-direction and 2i in z-direction where e and i are the eccentricity and inclination of the particle, re- 
where e and i are the eccentricity and inclination of orbit of the relative motion, respectively (note that they are all normalized by the Hill radius although we abbreviate tilde; see Eq.
(15·5·7), and the phases ¢, r, and w are the time of perihelion passage, the argument of perihelion, and the argument of ascending node, respectively. Further, b is a difference of semimajor axes between two planetesimals. The initial b will be called hereafter an "impact parameter" of encounter.
As mentioned in Chapter 15, the orbital elements of the center of mass motion Q do not change during encounter. Thus, our principal aim is to find the change of q of the relative motion between before and after the encounter:
where q is a time derivative of q. In order to estimate L1q, we must solve Hill's equation for the relative motion (15·5·3). Here we will obtain L1q separately in three cases classified in terms of the impact parameter b. That is, (1) distant enounter with large b, (2) distant encounter with very small b, and (3) intermediate case. In the first two cases (1) and (2), Llq can be evaluated analytically, but for the case (3) we must calculate numerically each orbit of the relative motion in order to find Llq.
Llq in the case of large b
In the case of large impact parameter (or more exactly, b is large enough compared to eccentricity and inclination, that is, lbl~e and lbl~i), we can expect that orbits of two planetesimals scarcely deviate from their unperturbed orbits and, hence, changes of orbital elements q are very small. So, in order to predict orbits of particle, we can make use of perturbation method in which mutual gravity between the two planetesimals given by (16·3·5) is considered as perturbing force, where r=(x, y, z) and r=lrl (see Eq. (15·5·3)).
Note that using Eqs. (15·5·8) and (15·5·9) we can redescribe Hill's equation as (for the details, Hasegawa and Nakazawa (1988a) )
where dot denotes derivative with respect to time t and the equation governing the change of ¢ is omitted because we are not interested in it so much. Through Eq.
(15 · 5 · 8), F depends on the orbital elements q and time t. In the present perturbation method, we can replace them by those of unperturbed orbit. Assuming that q appearing in the expression of F (16·3·5) is constant and integrating Eqs. (16 · 3 · 6) from -= to = with respect to time, we have Llb= ~~ {R1e-sin r+ R2~sin 2r+ R30' 2 sin 2m} ,
where only first and second-order terms are retained with respect to e-= e/b and 0'= i/b.
Numerical coefficients R1, R2
, and R3 is the above expressions are given by 
where k=2/3 and Kn(x) is the modified Bessel function of rank n (Hasegawa and N akazawa, 1988a) . Equations (16·3·7) coincide with the results of Goldreich and Tremaine (1980), and Henan and Petit (1986) when we consider the case of circular and coplanar encounter (i.e., .:=8=0). Note that Llq given by Eq. (16·3·7) are not independent each other owing to conservation of the Jacobi integral (15·6·3). It is worthwhile to note the following point. As mentioned in § 1, in the free space approximation, the relaxation time of a swarm of planetesimals is essentially determined by the distant encounters described by the Rutherford scattering formula and we are obliged to introduce artificially cutoff length in order to avoid logalithmic divergence. But, by the use of more accurate formula of distant encounter obtained above, we have no divergence at infinity as will be shown in § 3.5.
Llq in the case of very small b
In this case, perturbation method is useless because the relative motion of particles deviates remarkably from an unperturbed orbit. When both eccentricity e and inclination i of the relative motion are null at infinity and the impact parameter b is very small, the relative motion draws orbit like a horseshoe (Fig. 3(a) ). Such an orbit was first shown by Brown (1911) and is called a horseshoe orbit.
When e and i are not zero at infinity, a particle no longer pictures a simple horseshoe orbit. But, even in this case, the guiding center of the relative motion moves along a similar horseshoe orbit as long as we are concerned with a very small impact parameter (see Fig. 3(b) ). The turning point of the guiding center Yt (see Fig.  3(a) ) is approximately given by (Henan and Petit, 1986) (16·3·9) from the Jacobi integral for the guiding center (15·3·3) with small b. Since b~1 in the present case, we have Yt}>l. This means that particles with nearly the same semimajor axes never come close each other, that is, the encounter with small b is not a close but a distant encounter, unlike the free space case. Further, it is also known from two-dimensional (i.e., co-planar) numerical calculations (Dermott et al., 1980; Nishida, 1983; Petit, 1985 ) that a particle with small b gyrates rapidly with nearly constant amplitude around its guiding center. In other words, the gyro-radius e is almost conserved during encounter. Making use of these properties of orbit, Henan and Petit (1986) developed analytical approach by which Hill's equations (15·5·3) can be solved in a form of power series of A: the order parameter A is defined as where the magnitude of y is the same as those of x or z. Typically A can be considered as the ratio of initial b to the distance of turning point Yt, i.e., lbi!Yt. They thus proved that the amplitude of rapid gyration (i.e., the eccentricity e) is an adiabatic invariant of motion though their study was limited to the co-planar problem. Recently, Hasegawa and Nakazawa (1988a) have studied orbits with small b for the three dimensional case by a method similar to that of Henon and Petit, and obtained the changes in q due to encounter. Assuming that lbi/Yt~1 and e, z'~Yt, they obtain in fourth order of lbi!Yt
Equations (16 · 3 ·11) show that both eccentricity and inclination of orbit are almost conserved while the impact parameter changes from b to -b; as is already known, the guiding center of a particle draws a horseshoe orbit symmetric with respect to y-axis.
As seen from the above results, kinetic energy of random motion (e 2 + £ 2 )/2 of a planetesimal does not change in the encounter with small impact parameter. Thus, we can deduce that encounters with small b would not contribute appreciably to estimation of the relaxation time.
Llq for the intermediate case
The present case, where the impact parameter b is neither enough large nor enough small includes chaotic regions: Small differences in the initial conditions cause large changes of scattered orbits. Scattering matrix can no longer be expressed by an analytic form; hence we must calculate numerically orbits of particles. For the null eccentricity and inclination, Nishida (1983), Petit and Henon (1986) , and Spahn (1987) showed by numerical calculations that orbits change sensitively and remarkably with a small change of impact parameter b when 1 < b < 3 (see Fig. 4 ).
The cases where initial orbits of relative motion have finite eccentricity and inclination have been investigated extensively by Hasegawa and Nakazawa (1988b) . In this subsection, we will show some examples obtained by their numerical calculation, and argue preliminarily the contribution to the relaxation time.
In Fig. 5 , the eccentricity and inclination enough after the encounter are shown on a r;-iiJ; diagram where r; and iiJ; are the initial arguments of perihelion and of ascending node, respectively. The impact parameter and initial values of eccentricity and inclination are put to be: b=2, e;=4, and i;=4. From the results shown in Fig. 5 , the region where the changes of orbital elements are very large is restricted in narrow bands. These bands correspond to the phase with which particles enter the Hill sphere and approach very closely another particle. In Figs. 6(a) and (b), we show two examples of orbits with the initial phases (r;, iiJ;) being on and off this band, respectively. In the case (r;, iiJ;) denoted by (a) in Fig. 5(a) , the orbit passes through the Hill sphere and in another case denoted by (/l) does not.
In high velocity case the period in which the particle is appreciably affected on the gravity of another particle becomes short even if the particle enters the Hill sphere. Hence, we can expect that the contribution to the relaxation time of planetesimals LJ) ..... may be small when the initial eccentricity and inclination are large even in the case of intermediate impact parameters; we can conclude that appreciable contribution to the relaxation time of planetesimals would come from scatterings with initial eccentricities and inclinations of the order of unity. Anyhow, our study of this intermediate case is quite primitive. It is hoped to be investigated extensively.
Rough estimate of the relaxation time
In the two-body approximation in free space, the total variation of kinetic energy due to successive interaction has logalithmic divergence in the integration with respect to impact parameter as seen in § § 1 and 2. In the case of planetesimals under the gravity of the protosun, however, the effect of long range force does not cause divergence in the integration with respect to impact parameter, because planetesimals with large impact parameters pass other ones with large relative velocities owing to the Keplerian shear and, hence, have smaller interactions with other ones than in free space. Consequently, in our case the effect of distant encounters would not be dominant, and the close encounters occurring in the case of intermediate impact parameter may also govern the statistical behavior of a swarm of planetesimals. According to the consideration in the previous subsections, we will estimate roughly relaxation time of random motion of a test particle due to successive gravitational encounters with field particles. Let <(l1E) 2 > be the change of the mean square of the energy of random motion during time intervalllt:
where et and it are the eccentricity and inclination of the test planetesimal, respectively, ~ means the summation with respect to individual scattering during llt, and the brackets denote to average over the phase angles of the test particle (i.e., arguments of perihelion rt and ascending node ait).
In practice, we can consider Eq. (16·3·12) as a sum of encounters in three ranges of the impact parameter b, i.e., large, small, and intermediate b. For simplicity, we assume that the distribution of planetesimals does not depend on b. As seen in § 3.3, contribution of the small-b encounters can be neglected because we have Eq. (16·3·11). For the distant encounters with large b, using Eq. (16·3·7), we have (16·3·13) where we retain only a leading term and R1 is given by Eq. (16·3·8). Furthermore, bo is a lower limit of integration with respect to the impact parameter b and n is the surface density of field planetesimals.
On the other hand, we cannot find readily the contribution of the close encounters in the intermediate case mentioned in § 3.4. At present, we stand at a primitive stage in the investigation of this case. So we roughly model the changes of the relative eccentricity and inclination in the following way: (16·3·14) where Lle and Lli are the changes of eccentricity and inclination averaged over the phase angles (r, &). Numerical parameters a and rare determined so that the above expression reproduces Lle and Lli found by numerical calculations in the high velocity limit of e, i~1 (Hasegawa and Nakazawa, 1988b ) and in the low velocity limit of e =i=O (Nishida, 1983) . Thus, we can take a=2 and r=1/2, respectively (note that they include some uncertainty). Using the model (16·3·14), we can estimate roughly the contribution of < (L1E) 
Consequently, although the above argument is probably over simplified and the result includes some uncertainties, it is likely that the relaxation time of a swarm of planetesimals becomes long compared to that deduced from the free space approximation and, hence, planetesimals would have smaller random velocities than previously estimated by using Chandrasekhar's relaxation time TE if a swarm of planetesimals is in the equilibrium state. This may lead shorter growth time of planets. However, more accurate investigation of close encounter occurring in the case of the intermediate impact parameter is required in order to get more exact relaxation time r3o. § 4. Long-term evolution through successive encounters Besides the study of the change of orbits on one encounter in the three-body problem with various initial conditions, it is also important to study the collective long-term behavior of planetesimals revolving around the protosun through a number of successive mutual encounters.
In order to observe how the eccentricities and the inclinations evolve through successive encounters, we have to solve the N-body problem by orbital calculation over a considerably long period of time. Previous studies of the N-body problem related to the planetary formation are based on some crucial simplifications (see Chapter 20). In most of these numerical simulations, mutual gravitational interaction between planetesimals under the effect of solar gravity was not treated exactly, and the authors who were interested in the planetary formation introduced artificially large initial eccentricities or unrealistically thin accretion zone in order to make collisions easily occur, while a few authors who were interested in the kinetic behavior of planetesimals itself also made similar assumptions to accelerate the evolution.
Wetherill (1980) simulated the orbital evolution of 100 non-accreting planetesimals by use of Monte Carlo technique which was originally developed by Opik (1951 Opik ( , 1976 and revised by Arnold (1964 Arnold ( , 1965 . All the planetesimals were assumed to have the equal mass of 9 x 10 24 g, the semimajor axes randomly distributed between 0.96 and 1.04 AU, and the eccentricities and inclinations randomly distributed between 0 and 0.01. He did not calculate the orbit of each planetesimal but only examined two-body interaction between a pair of encountering planetesimals, which was chosen at random with certain probability (Wetherill, 1986 ; see also Chapter 20); encounters within several times the gravitational radius were only taken into account. When collision occurred, their relative velocity was set to be zero, but the two bodies retained their identities, because of the assumption of non-accretion. Numerical results showed that the root mean square of random velocity gradually approached about 5.0 x 10-2 vK irrespectively to its initial value, and an equilibrium state was achieved in about 1 x 10 7 yr. At this final stage, average eccentricity was about twice as large as average inclination. However, as described above, the effect of the solar gravity during scatterings was completely ignored. Wetherill and Cox (1984) examined the applicability of Monte Carlo technique through the comparison of the changes ·of orbits during each encounter, using two different methods of calculation; one is Monte Carlo technique described above and the other is the method of orbital calculation used by Cox and Lewis (1980) . Wetherill and Cox concluded that the outcomes of individual encounters showed good agreement between two methods for v/ve >0.35, where v is the relative velocity and Ve the escape velocity of largest body. However, the value of v/ve=0.35 corresponds to the eccentricity as large as 0.12 when the mass of largest body is equal to present Earth's mass; the encounters with much lower velocities will be important at the latest stage. Furthermore, the method of orbital calculation used by Cox and Lewis (1980) is quite limited as will be described below. The comparison should be made with the results of exact three-body orbital calculation. Therefore, the results obtained by Wetherill (1980) have not yet been confirmed.
On the other hand, Cox and Lewis (1980) simulated the accumulation of 100 planetesimals in the coplanar case. Each planetesimal was assumed to move around the protosun along the unperturbed orbit until it passed within "a sphere of influence" of other planetesimals. Here the radius of the sphere is given by
where m and m' are the masses of encountering planetesimals (m";;?.m'), and a is the heliocentric distance of m. When two planetesimals come closer than Rs, their orbits are reexamined in detail by numerical integration starting at an initial separation of 50Rs, and continuing through close approach to a final separation of 50Rs or to impact. Because the distant encounter beyond Rs was not taken into account in their calculation, they had to assume unrealistically large maximum initial eccentricity emax of planetesimals, i.e., emax>0.10 to proceed the accumulation; for smaller initial values of emax they soon found the end of evolution of eccentricities with the results of isolation of orbits and the accumulation did not proceed. Cazenave et al. (1982) simulated the accumulation of 25 planetesimals lying in a thin annular zone in several cases of the ranges of 0.96 to 1.04AU in three dimensions. After 2.7Xl0 5 yr, they found that the state e ~ 2 T was achieved, in agreement with Wetherill (1980) . However they also neglected the effect of distant encounter beyond Rs. Therefore they had to choose the greater value of initial emax with larger width of the zone in order to make the orbits cross. In these calculations we have mentioned above, the gravitational interaction with planetesimals beyond Rs was completely neglected. However the effect of the encountering planetesimal with a separation of several times Rs is important as shown by Nishida (1983) . More recently Lecar and Aarseth (1986) encounters the eccentricities could evolve even though they all were initially zero. In that way collisions of planetesimals proceeded and they did not find the isolation of orbits which was found in the simulation of Cox and Lewis with smaller values of initial eccentricities. Lecar and Aarseth showed the importance of distant encounters, but their calculations were two-dimensional. Recently, Ohtsuki et al. (1988b) have performed exact orbital calculations of 25 planetesimals with several different initial conditions in three dimensions. Mutual gravitational interactions between planetesimals and the protosun were fully taken into account, without any cutoff at the sphere of influence. Each planetesimal was mass. The semimajor axes of their orbits were randomly distributed within a range of 0.9 to 1.1 AU, with initial eccentricities randomly distributed between 0 and certain maximum value emax and initial inclinations between 0 and imax. Collisions were treated as completely inelastic to lead to accretion, with the assumption that the planetesimal was a sphere with constant density of 3 gcm-3 • Figure 7 (a) shows the evolution of mean eccentricity e for the Case I in which all the orbits were initially coplanar and circular. Although the eccentricities were zero initially, they evolved through mutual gravitational interactions and physical collisions occurred, as shown by Lecar and Aarseth, and no "isolation of orbits" was observed. This shows the importance of distant encounters. In the other three cases they examined how initial anisotropy between e and i affected their evolution. In Case II, both emax and imax were equal to 0.005 initially, but e and i evolved differently as shown in Fig. 7(b) . The distribution of e and i in this case at t=1X10 4 yr is shown in Fig. 8 . We find that through successive interactions, mean eccentricity soon evolves about twice as large as mean inclination with final value of e IT= 1.8 at t = 1 X 10 4 yr. Figures 7(c) and (d) show the evolutions of e and T for Cases III and IV in which emaxlimax=5 and 1/5 initially, respectively.
In spite of these different initial conditions they also found in these cases that the value of e IT gradually became close to 2, although the final values were somewhat different; 2.6 and 2.2 for Cases III and IV, respectively. This anisotropic evolution of e and i may be important because eccentricities and inclinations play different roles in some aspects in the planetary formation; for example, if the inclination is smaller, planetesimals will move in thinner layer around the protosun and collisions can occur more readily; on the other hand if the eccentricity is large, orbits can cross easily.
However, their results are preliminary, i.e., the number of planetesimals they treated is too small to see many-body effects and the zone they considered is too narrow. More extensive numerical studies are desirable in the cases of a sufficient number of planetesimals distributed in a zone with suitable width. It is also interesting to try N-body simulation of relaxation process of a planetesimal with highly eccentric orbit between moderate planetesimals. As mentioned in § 2, Stewart and Wetherill (1988) pointed out that the dynamical friction is quite effective in planetary growth, which greatly suppressed the random velocities of large planetesimals with the result of runaway growth. However, they neglected the effect of solar gravity in the evaluation of the dynamical friction. We can see the dynamical friction between planetesimals through the direct orbital calculations.
